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Introduction

O F the many representations that exist for attitude, quaternions
are popular for several reasons.

1) The propagation differential equations have no singularities,
in contrast to, e.g., Euler's angles or Gibbs' vectors,1 which require
special handling near these points.

2) Modulo a scaling factor, the quaternion is a minimal three-
degree-of-freedom representation of attitude as opposed to, e.g., di-
rection cosine matrices, which must be orthonormalized in practical
applications.

3) There are a number of simple and direct methods available to
implement controllers with quaternion feedback, which are globally
stable.2"4

In this Note, we examine the decomposition of the quaternion
attitude representation in terms of a basis formed using observation
unit vectors and a number of direct applications of this result. In
particular, we will consider the implementation of a global attitude
estimation scheme in both recursive and batch form. The latter batch
algorithm may be shown to be identical to the quaternion estimation
(QUEST) algorithm.5

Representations and Conventions
Vector arrays should always be considered to be column arrays,

with superscript T indicating transposition to a row vector. We define
the quaternion # 6 H, the division ring of 4-tuple real quaternions,6'7
with group composition given by

(D

componentwise addition, and identity # = (0, 0, 0, 1). In Eq. (1),
x denotes the vector cross product, and we have introduced the
shorthand representation of a quaternion as q = (Q, q), where Q e
R3 is the so-called vector part of the quaternion and q e R is the
scalar part.

The subscript on a given quaternion in Eq. (1) is a helpful
mnemonic, which indicates the rotation that it represents, e.g., q\2 is
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associated with the rotation transformation from a given reference
frame 1 to reference frame 2. Note that composition takes place in
such a way that the common reference frame is contiguous.

There exist maps p: V -> R3 and i: R3 -> V termed canonical
projection and inclusion, respectively, which establish a correspon-
dence between vectors in R3 and the subset V C H consisting of
quaternions with scalar part equal to zero. In general, the action of
these operators shall be implicit. An example of this duality is the
rotation of vectors in/?3, which is identified with the conjugacy class
of V in H

V* = = qu o v2 o q-* | qn eH,v2e V} (2)

Note how the subscripts line up in a consistent way in this represen-
tation.

For numerical considerations in practical applications, attention
is often focused on the subgroup U < H of unit quaternions, those
for which the Euclidean norm in R4 is unity, and for which inver-
sion is trivial negation of the vector part of the quaternion. The unity
magnitude ofqeU implies U ~ S3, the three sphere endowed with
the quaternion group structure. For clarity of presentation, quater-
nions in this Note are generally not constrained to be unit quater-
nions.

Quaternion Parameterization
Using Observation Unit Vectors

Suppose that a unit vector x i in a given Euclidean reference frame
1 is to be transformed to a new unit vector jc2 in frame 2 via conjuga-
tion by the quaternion q\2 as in Eq. (2). The quaternion in question
might take the form of

(3)

where the ~ symbol has been used to indicate that qn is equivalent
to any quaternion that may be obtained by scaling expression (3).
This quaternion represents the minimum angle rotation required to
transform jci to Jt2.

If we visualize the transformation process, it is the rotation about
an axis orthogonal to both x\ and :e2, as pictured in the top-center
position in Fig. 1. Figure 1 is somewhat misleading, in that the
vector part of the quaternion appears to be the negative axis of
rotation. However, the quaternion represents the rotation of a frame
of reference in which vector jci appears as vector x2 following the
rotation, and so the vector part of the quaternion is actually the
positive axis of rotation in this sense.

Another quaternion that would rotate x\ into x2 is given by

(4)

which represents a 180-deg rotation as shown in the lower-left po-
sition in Fig. 1.

Fig. 1 Transformations.
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These two quaternions may be combined to create a parameteri-
zation of the set of quaternions that rotates x\ into x2

qn ^ [to x *i) cos(0/2) + (x2 + *i) sin(0/2),

(5)

so that the total rotation is as shown in the lower-right position in
Fig. 1.

Another way to arrive at Eq. (5) is to combine the rotation of
Eq. (3) with a twist about x2

qn ~ (*2 x *i, 1 +x%xi) o [x2 sin(0/2), cos(0/2)] (6)

which demonstrates that Eq. (5) is, indeed, a full parameterization
of feasible quaternions. Similarly, we may parameterize the entire
set of quaternions that rotates another unit vector y\ into 3^ by

qn ~ [(y2 x y i ) cos(^/2) + (y2

(7)

in terms of the angle ty.
Now suppose we wish to determine the unique quaternion (mod-

ulo a scaling factor) that transforms jci to x2 and ji to y2. One way
to do this would be to normalize and equate Eqs. (5) and (7), solve
for 0 or i/r, and plug the result back into the appropriate expression.
However, a quicker way is to note that the vector part of expression
(5) lies in a plane orthogonal to x2 — x\ . Similarly, the vector part of
Eq. (7) lies in the plane orthogonal toy2—yi. Thus, if the planes in-
tersect along a particular direction, the vector part of the quaternion
we seek must lie here, i.e., in the direction ( x 2 — X i ) x ( y 2 — y i ) .

The fourth element of the quaternion can be determined by ra-
tioing the vector part to scalar part of the quaternion in Eq. (5) and
equating this to the ratio of the vector part to the unknown fourth
element and solving. The result is

qn (8)

This construction breaks down in three instances.
1) If the vectors x\ and 3^1, hence, x2 and^2, are parallel, we do

not have enough information to construct a unique quaternion.
2) If x\ = x2 andji = y2, then the quaternion is the identity.
3) If x2 — Xi is otherwise parallel to y2 — y\, then the planes

defined by these normals coincide. Substitute in the normalized cross
productszi = (xi xyi)/\\xi xy{\\ andz2 = (x2 xy2)/\\x2 xy2\\ for
either x\ and x2 orji andj2, and repeat the computation. If either
vector x2 — x\ ory2 — y\ is identically zero, substitute 22 andzi for
the associated pair x\ and :c2, or yi andj2.

The rationale for these three conditions is that, assuming point 1
does not hold, the three vectors x2 — x\ , y2 — y\ , and z2 — z\ form a
basis for the eigenvectors of the matrix T\ e SO(3), the orthogonal
rotation matrix1 that corresponds to q\2, minus identity, i.e.,

[*2-*i yi-yi z2-zi\ = (T\-i)[xl yi zi] (9)
Point 2 covers the only case in which there is more than one invari-
ant axis and, as a result, at least two of the cross products (x2 —x\)
x (y2-.yi), fe-Zi) x (x2-xi),and(y2.-yi) x (z2-Zi)mustbe
nonzero and parallel to the invariant rotation axis of the transforma-
tion.

Application: Direction Cosine Matrix to Quaternion
The first application of the quaternion decomposition that we con-

sider is initialization of the quaternion from a given direction cosine
matrix. Suppose this is given as T\ = [a b c], where a, b, and c
are column three vectors that represent the transformation of e\ , e2,
and e3, the canonical basis vectors, from frame 1 to frame 2. The
quaternion is given by any of the following three parameterizations
that are not trivially zero:

qn ~ [(a - ei) x (b - e2), b{ - a2]

qn ~ [(a - ei) x (c - *3), c\ - «3] (10)

Application: Global Attitude Estimation
Suppose that we have a set of N observation unit vectors sf in a

spacecraft body frame of reference, with corresponding unit vectors
r\ in some reference frame of reference. Let us assume that both
frames are inertially fixed for the duration of observation.

Equations (3) and (4) show that the ith set of vectors establishes a
two-dimensional orthonormal basis (in the quaternion algebra) for
the quaternion from reference to spacecraft qrs, i.e.,

b2,,=
(Si+r / ,0) (11)

Similarly, there is a two-dimensional orthonormal basis for the ker-
nel or null space of the quaternion covector qT

rs

nlt =
(rt x j f, 1 -sTn)

n2i = (12)

Clearly, errors in the observations will cause these basis and null
vectors to be somewhat in error so that, to estimate attitude, we
would want to put them in some sort of least-squares estimation
algorithm. One approach for this would be to seek to minimize the
cost functional

(13)

with weighting coefficients a/, subject to the constraint that qrs have
unit length. Another approach would seek to maximize the cost

(14)

.7 = 1.2

subject to the same constraint.
Still a third approach would be to combine these two and seek to

maximize

/(<?„•) = ,v)2 - (nTj,qa)2] (15)

or minimize the negative of this, whichever is preferred. It turns
out that this cost function is identical to that originally proposed by
Wahba8 for least-squares quaternion estimation.

The addition of the constraint that qrs be a unit quaternion results
in an eigenvalue problem, with qrx being the eigenvector associated
with the maximum eigenvalue of

This is the q method originally devised by Davenport1 to minimize
Wahba's cost functional, which was later refined by Shuster,5 and
an efficient solution to this problem is his QUEST algorithm, which
has become well known and frequently utilized in the spacecraft
attitude determination community.

Suppose we do not have the computing resources to implement
this batch algorithm or, alternatively, suppose that our spacecraft
frame of reference is really not inertial, and we wish to track the
variation of the quaternion over time. A recursive algorithm is then
desirable.

The existence and knowledge of the two null vectors given sug-
gests an extremely simple algorithm based on Gram-Schmidt or-
thogonalization, i.e., if the null vectors were known perfectly, we
might take an initial estimate of the quaternion and orthogonalize it
with respect to them:

- e2) x(c- *3), c2 - b$] (17)
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followed by normalization to maintain good numerical properties
of the quaternion. The algorithm can be equipped with some small
gain factor, and we have the following theorem.

Theorem: Given a unit quaternion q and an infinite sequence
of quaternion null vectors {n^} in which any infinite subsequence
spans #{qT], the kernel of the quaternion covector#r and an initial
unit quaternion estimate q(} that does not lie entirely in N{#7}, the
recursion

(18)

for some a € (0,1] is globally convergent to the true quaternion q.
Proof: Let M = M2 = MT be a nonnegative definite symmetric

projection matrix whose kernel spans the image of q. The function

V; = qjMq,

is a radially unbounded Lyapunov function for which

/ T \ ̂

2
l-a(2-a)(nTqi)

(19)

(20)

demonstrating that V, is monotonically decreasing except in two
cases: 1) when n]qt = 0, which cannot persist unless #/ = q as
desired, and 2) when Vt • = 1 , which undermines our requirement that
qo have at least some component in Im{#). Thus, V/ -> 0 =» qt -> q.

To deal with imperfect data, we can specify a, as small as we like.
In general, an optimal gain factor, in terms of attitude uncertainty,
will be the ratio of desired attitude variance, divided by the sum of
attitude variance and measurement variance; however, the details
will be left to the reader.

One weakness in the preceding algorithm may be readily observed
in that the null vectors computed according to Eq. (12) are undefined
when r/ == s/ . However, because the basis vectors are still defined,
we can use the fact that

tlliftli ~^~ ^2/^2/ ~^~ b\ib'-

to construct a projection matrix P, — i
byby and an equivalent algorithm

(7-c

=1

= / —

It is not difficult to show that

.+fr,)l-1 [(1 .
'"H

+ sfrj) r, x 5i

(21)

(22)

}

In concluding this discussion of attitude determination, we assert
that the same analysis can be used to verify convergence where the
quaternion is dynamically changing in time. That is, if the projection
of the quaternion forward in time is accomplished by

qi + i=Atqi (24)

where A,- is a unitary operator (inverse is equal to the transpose) then,
because N(#f+1) = Aj#(qJ), any future null vectors can be pro-
jected back to an arbitrary point in time, and the analysis will show
that convergence is achieved at that time, hence at all future times.

Conclusions
The outlined quaternion decomposition reveals previously hid-

den structure and nuance in the quaternion attitude representation.
In addition, it opens the way to some exceedingly simple and di-
rect methods of accomplishing various attitude determination and
control tasks.

In particular, the batch attitude determination algorithm was
shown to be equivalent to the QUEST algorithm, while revealing the
actual mechanism by which the algorithm accomplishes its objec-
tive. The recursive algorithm given is simple, is globally convergent,
and may be optimized to some extent. Further optimization of the
algorithm could be accomplished by including a projection matrix
or Kalman filter type covariance matrix to weight succeeding mea-
surements based on previous updates; however, the algorithm as
given is adequate for a wide variety of applications.
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